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Logicis. ..

e From the Greek word LOGOS, translated as
“sentence”, “discourse”, “reason”, “rule”, and “ratio”.

* The study of arguments (Wikipedia) “in the disciplines of
philosophy, mathematics, and computer science”.

¢ Logic is for constructing proofs which give us reliable
confirmation of the truth of the proven proposition.
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Mathematical Logic is . . .

¢ Application of mathematical techniques to logic.

e Mathematical logic (also known as symbolic logic) is a
subfield of mathematics with close connections to
computer science and philosophical logic. (Wikipedia)

e The field includes both the mathematical study of logic and
the applications of formal logic to other areas of
mathematics. (Wikipedia)
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Hilbert’s Entscheidungsproblem = Decision Problem

Finding an ALGORITHM (or AL-KHWARIZMI):
Input: A (Mathematical) Statement.
Output:  YES (if universally valid) NO (if not always valid).

Computably Decidable set A: an algorithm P decides on any
input « whether 2 € A (outputs YES) or 2 ¢ A (outputs NO).

input: z€./ tput: YES if z€ A
it ’ Algorithm —>°u s {NO ?f ! ¢ A
if x

Algorithm: single—input, Boolean—output (1, 0)
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Coding Mathematics

How to write (code) mathematical statements (as input strings)?

Example from Al-Khwarizmi: If from a square, I subtract four of its
roots and then take one-third of the remainder, finding this equal to
four of the roots, the square will be 256.

. 1
Modern Notation: If T have g(azz2 — 4x) = 4x, then 22 = 256.

More Modern: vx[é(ﬁ — 4x) = 4x — 2% = 256).
This holds in the domain N — {0} = {1,2,3,---} (but notin N).

Indeed, N |= Vx[%(:ﬁ —dz)=4r — =16V =0
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Computing the Solution

Khwarizmi’s Explanation:
Since one-third of the remainder is equal to four roots, you know that

the remainder itself will equal 12 roots. Therefore, add this to the
four, giving 16 roots. This (16) is the root of the square.

. . 1
Modern Notation: Since g(xz — 4z) = 4z, then 2% —4x = 12x.
Therefore, 2 = 16x. Thus, 2 = 16.

Infact,  Arithmetic - Vz %(mQ—éL’p) =4z (&x#0) — z=16].
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Logic for
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Proving or Computing?

Exercise 1: “What is the secret of your long life?”
a centenarian was asked.

“I strictly follow my diet:

If T don’t drink beer for dinner, then I always have fish.

If T have both beer and fish for dinner, then I do without ice cream.
If I have ice cream or don’t have beer, then I never eat fish.”

The questioner found this answer rather confusing.
Can you simplify it?
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Proving or Computing?

B = beer F =fish I = ice cream

If  don’t drink beer for dinner, then | always have fish.

-B = F
Any time | have both beer and fish for dinner, then | do without
ice cream.
BANF — I
If | have ice cream or don’t have beer, then | never eat fish.
IvV-B— —-F
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Propositional Logic

® Connectives A, V, -, —, <>
® Atomic Propositions (without a truth value) P, @, R, - - -

® More Complex Propositions and Truth Tables
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Proving or Computing?

(=B = F),(BAF — =I), (IV-B — —F)
p=("B—=>F)N(BANF —=-I)N(IV-B—-F)

|B|F|I[] -B=F|[BAF—=-I [ IV-B=-F | ¢ |
0/o0]o0 0 1 1 0
0/0]1 0 1 1 0
0[1]0 1 1 0 0
0]1]1 1 1 0 0
1]0]0 1 1 1 1
101 1 1 1 1
1]1]0 1 1 1 1
11 ]1 1 0 0 0

https://web.stanford.edu/class/csl03/tools/truth-table-tool/
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Proving or Computing?

|B|F|I[] B=F|BAF—-I [ IV-B=-F | ¢ |
1]0]0 1 1 1 1
1]0]1 1 1 1 1
1]1]0 1 1 1 1

p=

(BAN-F N-I)V

(BAN-F NI)V

(BANF A=)

(BA=F)V(BAFA-I)=BA(—FV[FA-I])=BA(-FVv-I)
p=BA-(FAI)
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Axiom / Axiomatic / Axiomaitze

Merriam-Webster: www.merriam-webster.com
AXIOM:

a statement accepted as true as the basis for argument or inference
Postulate

AXIOMATIC:

based on or involving an axiom or system of axioms

AXIOMATIZATION:
the act or process of reducing to a system of axioms
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Axiom / Axiomatic / Axiomaitze

Oxford: www.oxforddictionaries.com
AXIOM:

a statement or proposition which is regarded as being established,
accepted, or self-evidently true the axiom that sport builds character

Math: a statement or proposition on which an abstractly defined structure is based
Origin: late 15th century: from French axiome or Latin axioma, from Greek
axio-ma 'what is thought fitting’, from axios 'worthy’

AXIOMATIC: self-evident or unquestionable
it is axiomatic that good athletes have a strong mental attitude
Math: relating to or containing axioms

AXIOMATIZE: express (a theory) as a set of axioms
the attempts that are made to axiomatize linguistics
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Language:

Idempotence:
Commutativity:
Associativity:
Distributivity:
Distributivity:
Tautology:
Contradiction:
Negation:
Negation:

DeMorgan:
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Algebraic Axiomatizing “The Laws of Thought”

1,7 = N,V

PADP=D
PAG=qAD
pA(gAT)
pA(qVr)
pVi(gAr)
pAT =p
pAL=1
pA(-p) =

(pAg) AT
(pAg)V(pAT)
(Vg A(pVr)

|i

~(pAq) = (=p)V(~q)

pVDP=p
pVg=qVp
pVigVvr)=(pVqgVr

pVT=T
pV1l=p
pV(p)=T
—(=p) =p

=(pVq) = (=p) A (=q)

SaeedSalehr . ir
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Computing the PROOF!

p=(-B—=>F)N(BANF —-I)AN(IV-B— -F)
=(BVF)AN(-B-VFV-I)A([BA-I]V—F)
=(BVF)N(~BV-FV-I)AN(BV-F)A(=IV~-F)
=(BVF)AN(BV-F)AN(=~BV-IV-F)A\(—IV~—F)
= (BVI[FAN-F)) A (=I Vv =F)

=BA-(INF)
https://www.wolframalpha.com/
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Axiomatizing Propositional Logic

AX; a— (8 — «a)

AXy o= (B =) = [(a = B) = (@ —7)]
AXs (=8 — —a) = (a — f)

RUL ag%ﬂ

Some Theorems ( ):
o —
(~8) = (8 — a)
(= B) = (=0 = —a)
(o= B) = a] =«

SaeedSalehr . ir
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Predicate Logic

e Quantifiers v, 3

¢ A Language of Undefined Relations or Functions
(or Constants)

* More Complex Propositions and Models
(Complicated Algebraic Structures)

alehr . ir
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Axiomatizing Predicate Logic
Godel’s Completeness Theorem (1929)

From An Axiomatization of (Logically) Valid Formulas:

a— (f— a) o (8 — na)— (a— p)
[a—= (8= 7)] = [(a—=f) = (a—=7)]

Vrep(x) — o(t) e ¢ — Yoy [z is not free in ¢]
V(e — ¥) = (Vop — V)

. P =P
(0

All the Universally Valid Formulas CAN BE GENERATED.

With the Modus Ponens Rule:

SaeedSalehr . ir
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Computably Decidable Set

Computably Decidable set A: an algorithm P decides on any
input « whether x € A (outputs YES) or 2 ¢ A (outputs NO).

input: z€./ tput: YES if z€ A
it ’ Algorithm —>°u i {NO ?f ! ¢ A
if x

Algorithm: single—input, Boolean—output (1, 0)

Propositional Logic is DECIDABLE.

Algorithms: Truth-Tables, Various Deductive Calculi, etc.
Now the question is the speed of algorithms ...
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Computably Enumerable Set

Computably Enumerable set A: an (input-free) algorithm P lists
all members of A4; i.e., A = output(P).

- output:
Algorithm | —— {a(), ai,az,-- } =A

Algorithm: input—free, outputs a set.

Predicate Logic is COMPUTABLY ENUMERABLE (GODEL 1929).

Predicate Logic is NOT DECIDABLE (CHURCH & TURING 1936).

A Good Outcome: Introducing Turing Machines
— the grand grandfather of today’s modern computers.
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Decision Problem, again

Decision Problem for the Structure (90, £):

Input: A First-Order Sentence ¢ in the Language L.
Output:  YES (if M |= ¢) NO (if M F~ ).

Examples:
N = Va3dy(z +y =0) but Z = Va3y(z +y = 0).
Z ENzIy(r#0—[z-y=1]) but Q = Vady(z#0—[z-y=1]).
Q EVzay(0<z—[y-y==z]) but R = Vaedy(0<z— [y-y=1]).
R B Vz3y(y-y+2=0) but C = Va3y(y-y+2=0).

SaeedSalehr . ir
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Decidability of Mathematical Structures

The Decidability Problem for the Structures:

| | ~ [ z | Q@ [ R | C ]

{<} (N; <) (Z; <) @Q;<) (R; <) -

{+} (N; +) (Z; +) (Q;+) (R; +) (C;+)

{-} (N;-) (Z;-) (Q;-) (R;-) (C;-)
<IN [ Z+H<) [ Q@+ <) | (Ri+,<) -
{+7'} <N;+7'> <Z;+7'> <Q§+7'> <R;+»'> <(C;—|—, >
< NS | Zn<) | Q<) | R <) -

’ {+ﬂ'“<} H <N;+7'7<>‘ <Z;+a'a<>‘<@;+a'a<>‘ <R;+a'a<>‘

|

E

[ (Niexp) |

|

‘ <R;+7'uew> ‘ <C;+7_7ew> ‘
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New Results

® SALEHI, SAEED; On Axiomatizability of the Multiplicative Theory of
Numbers, Fundamenta Informaticae 159:3 (2018) 279-296.

(Q; ), (R; x), (C; x).

® ASSADI, ZIBA & SALEHI, SAEED; On Decidability and
Axiomatizability of Some Ordered Structures, Soft Computing 23:11
(2019) 3615-3626.

(@Q; %, <), (R; %, <).

® SALEHI, SAEED & ZARZA, MOHAMMADSALEH; First-Order
Continuous Induction and a Logical Study of Real Closed Fields,
Bulletin of the Iranian Mathematical Society online (2019)
por: 10.1007/s41980-019-00252-0.

(R; +, %, <).
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On decidability and axiomatizability of
some ordered structures

Ziba Assadi & Saeed Salehi

1 Soft Computing

h
1 Springer
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Axiomatizability of Mathematical Structures
A Rather Complete Picture

| [N[z][Q|R[C]
{<} A | AL | AL | Ay -
{+} Ay | A | AL | Ay | Ay
{-} A | Ay | A | A | Ay
{+. <} [[Ar | A | Ay | Ay | =
{0 (| & & (& A A
{-. <} K | Xy | A | Ay | =
’ {+a'a<} H &1 ‘ﬁ%l ‘&1 ‘ Ay ‘ - ‘
LB (& [-T-Te2[%]
Tarski’s Exponential Function Problem is open ...
Is the structure (R;+,-, ¢”) decidable?
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Thank Nou!

o ® Thanks to ® O

The Participants ................... For Listening...

The Organizers ... .For Taking Care of Everything...

O O
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