L SAEED SALEHI, Frontiers Summer School in Mathematics, 25 August 2021. 112

A Quick Introduction to
MATHEMATICAL LOGIC

SAEED SALEHI
Frontiers Summer School in Mathematics

Equational Logic, 25 August 2021



L SAEED SALEHI, Frontiers Summer School in Mathematics, 25 August 2021. 2/12

The First Identity
(a+ b)? = & 4 2ab + b?

(a+b)? =
(a+b)(a+b) =
(a+b)a+(a+b)b= x(y+2z)=xy+xz
ala+b)+b(a+b)= Xy = yx
(&% + ab) + (ba + b?) =
(&% + ab) + (ab + b?) =
a + (ab+ ab) + b? = X+(y+2)=Kx+y)+z
a + (1ab+ 1ab) + b? = 1x = x
a +2ab + b? 1+1=2
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The First Identity, Generalized

xo(yoz) = (xoy)oz
X*kY = Y*X
xx(yoz) = (x*y)o(x*2)
lxX = X

Lol =k

(uov)x(uov)=(uxu)olk*(uxv)]o(vxv)
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An Example from Algebra & Analysis: x-0=0

Lemma
at+tc=b+c
a=»>b
Proof.
at+tc=b+c

(a+c)+(-c)=(b+c)+(-c)
a+[c+(-c)]=b+[c+(-0)]

at+0=b+0

a=>bt [ |



L SAEED SALEHI, Frontiers Summer School in Mathematics, 25 August 2021. 5/12

An Example from Algebra & Analysis: x-0=0

Theorem

x-0=0

Proof.

x-0=x-(0+0)=x-0+x-0

x-0=0+x-0

X-0+x-0=0+x-0

by the lemma

x-0=0 |
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Groups
xx(yxz) = (xxy)xz  associativity
Xxe = X = exX idenetity
xx1/(x) =e=1'(x)xx Inverse
Example
> inZ:x=+,e=0,/=—. (Z;+,0,—)

> inQ—{0}:x=x,e=1,7(x)= 1. (Q x,1,1/x)
> inSym,:x =o,e=1Ta,7(f) =" (Symy; 0,1, ")
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The 1st Theorem in Group Theory

Theorem
The identity element is unique.
Proof.
We show
e'xx =X
e —=e

From the assumption and the axiom (definition) of a group

e'xx =X
- ——(x=e)
e/xe=¢e
X*e = X
exe —=¢

(x=¢)

Therefore, e’ = e.
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Equational Logic

Y~ x (Reflexivity)

X~y
Y~ X

XNya yN

X~z

X1~ Y1, -, Xn = Yn
f(x1... %) =~ f(y1...¥n)

X~y
ol[x] =~ aly]

(Symmetry)

(Transitivity)

(Congruence)

(Substitutivity)
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Algebraic Structures

A non-empty set with some functions (maybe also constants)
that satisfy some equalities. A = (o; 2, --- ,f5).

—if f; is a constant, then f* € d;
— if f; is of arity k(>0), then f}*: Ak — .

Example
> Groups: (G; x,e,7') — (G; €%, /¢ «©)
» Rings: (Z;0,1,—, +, x)
» Modules:

| UNIVERSAL ALGEBRA
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(non-)Algebraic Structures

NOT any (G; *, e, 2')-structure is a group:
> (N'+ 0,:) with ¢(x) = x + 1

Definition
» Semigroup: (; x) with associative x (xx(y*z) = (xxy)=2)
» Monoid: (s; *, e) with associative x and identity e (xxe = x)
> Group: . .. (xx2/(x) = x = 2/(x)*x)
» Abelian Group: a group that satisfies also xxy =y« x.
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Soundness and Completeness

Soundness and Completeness of Equational Logic
in Universal Algebra:

Theorem (Completeness of Equational Logic)

A set of identities X implies (by the rules of Equational Logic) an
identity o~ 3 if and only if every algebraic structure that satisfies the
set X also satisfies the identity o= 3.

| Semantic | Syntactic |

AFa=xp
AFY

YFaxp | XFaxp
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The 2nd Theorem in Group Theory

Theorem
The inverse element is unique.
Proof.

Ina group G, if ab = e, then usv=e
a'(ab)=a e, so ?(U)x(uxv)=7(u)xe
(a'a)b=a ', thus (v (u)*u)xv=1(u)
eb = a', therefore exv=2"(u)

b=a". v=17(u)
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